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Definition  of  Arithmetic  Mean 

The  arithmetic  mean  (average)  is  an  intermediate  quantity  or 
value,  being  nf  such  magnitude  that  the  siun  of  the  plus  deviations 
is  t?ie  same  as  the  sum  of  the  minus  deviations.     It  may  be  defined 
also  as  the  point  of  central  tendency  from  which  the  algebraic  sum 
of  the  deviations  is  zero.    Therefore,  if  the  sum  of  the  plus  devi- 
ations is  subtracted  from  the  sum  of  the  minus  deviations  the  differ- 
ence will  be  zero,   showinp:  that  the  arithmetic  mean  is  the  point  about 
which  the  deviations  reach  a  minimum. 

In  this  discussion  no  differentiation  is  made  between  the  terms 
"arithmetic  average;"  and  "arithmetic  mean,"  althoun-h,  as  explained 
by  Doctor  A.  L.  Bowley  on  page  82  of  the  1920  edition  of  his  "Elements 
of  Statistics,"  some  writers  have  attempted  to  drav/  a  distinction 
between  averages  and  means,  but  no  general  agreement  has  been  reached 
as  to  the  exact  senses  in  vi^ich  the  words  are  to  be  separately  applicdo 
In  connection  therewith  Doctor  Bov/ley  refers  to  the  article  "Foyenne," 
by  Doctor  Bertillon,  in  Dictionnaire  encyclopedique  des  Sciences 
Medicalcs,  and  to  the  p? per  by  Doctor  Venn  in  the  Statistical  Journal, 
Ibfl,  end  chapter  18  in  his  Logic  of  Cho.nc::. 
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The  principle  concerning  the  location  of  the  c^rithnetic  mean  is 
illustrated  by  tr.ble  1,  which  contains,   in  the  first  colijinn,  statistics 
on  the  [.mount  of  new-mort?r  ge  loans  made  by  st.vings  and  loan  associ- 
ations during  the  period  July  1,  1937,  to  June  30,   1938,  for  the 
purchase  of  new  homos.     For  the  12-month  period  the  loans  in  the  12 
Federal  Home  Lorn  Bunk  Districts  timounted  to  286,548  thousands  of  dollars, 
averaging  23,  879  thousands  per  district.     In  ecch  of  6  of  the  12  districts 
the  amount  of  loans  v;-aG  l;)ss  thr.n  the  average  ojid  in  et.ch  of  the  other  6 
districts  tbc  amoimt  of  loans  w;;  s  greater  than  the  average. 

The  sum  of  the  differences  b'.tween  the  average  and  lorns  that 
were  less  thm  the  average  is  65,3G3  thousands  of  dollars,  wliich  is 
exactly  the  scjne  as  th<^  sum.  of  the  differences  beb.Yeen  the  average  and 
loans  thrt  v.'-ore  greater  than  the  average. 
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Tf  blc  1.-  Estiiiir.tud  cmount  of  new-mortgr.ge  lorns  mrdc  by  r.ll  scvinp^s  .".nd 
lorn  Gssocirtions  for  purchcxse  of  homes,  July  1,  1937,  to  June 
30,  1938,  by  districts 


Federr.l  Home  Lorn 
Bank  District  l/ 

:  Lof.ns  rr/de  for 
;     purchrsc  of 
:        hoires  2/ 

•          Deviction  from  the  mean 

:  Minus 

'.  Plus 

:     1,000  dollrrc 

:     1,000  dollrrs 

:     1,000  dollr.rs 

1 

:          32,  650 

!  8,771 

2 

:  31,136 

—  - 

7,257 

3 

:  30,571 

:  6,692 

4 

:  28,761 



!            4, 882 

5 

!  68,261 

1 

!  34,382 

_6 

:  12,785 

:  11,094 

17 

1 

1                   'J  Q     O  C  O 

!  <;o,<coo 

: 

!  4,379 

8 

!  14,830 

:  9,049 

•   

9 

;  14,114 

:  9,765 

10  ! 

14,472 

!  9,407 

11 

6,308 

:  17,571 

12 

14,402 

9,  477 

Totcl  ! 

286,548 

:         66,363  '. 

66,363 

Mec.n  : 

23,879  : 

l/    Boundaries  of  districts  -  re  shown  in  the  mr..p  on  pa^e  20  of  the 
Sixth  Annual  Report  of  the  Federal  Hor"c  Lorn  Bank  Bojrd,  for  the  period 
July  1,   1937— June  30,  1936. 

2/  Sixth  Annual  Report  of  the  Federal  Home  Loan  Bank  Bo: rd,  for  the 
period  July  1,  1937— June  30,  1938,  exhibit  8,  page  105. 
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/ilthoug-h  the  arithmetic  xner.n  is  genorclly  ccnsidered  as  the 
value  that  is  of  such  magnitude  that  the  algebraic  sum  of  the  de- 
virtions  from  it  is  zero,  means  as  actually  expressed  and  used  are 
frequently  not  of  such  magnitudes  that  sums  of  the  plus  and  minus 
deviations  are  equal.     This  is  beer  use  of  decimals  thct  are  dropped 
from  the  quotient  in  expressing  the  means,  as  illustrated  by  table 
2,  which  contains,  in  the  first  column,   statistics  on  the  production 
of  gold  in  the  United  States  during  the  16-year  period  1922-37. 


« 

] 


-  5  - 


Table  2.-  Production  of  gold  in  the  United  States,  1922-37 


Calendar 

•  Production 

•          Deviation  from  the  mean 

yer.r 

:     of  gold  1/ 

;  Minus 

:  Plus 

:     Fine  ounces 

:     Fine  ounces 

:     Fine  ounces 

1922 

:  2,363,075 

:  407,522 

•                                                        ^   t\  mm 

1923 

:  2,50ii,632 

:          267,9  65 

1924 

:       2,  528,900 

:  241,697 

;       <i ,  4i  1 ,  9  o7 

:          358,  610 

:  2,335,042 

:  435,555 

■                                                 mm  mm,  mm 

1927 

:  2,197,125 

:  5-^3,472 

1928 

537,346 

•W  1— 

1929 

2, 20o, 386 

:  562,211 

; 

±930  ; 

484,994 

.._ 

lyoi  i 

i,39r,d78  : 

374,719 

, '■j4i;  ,00^:  : 

321,565  ! 

W  W  M 

i-,cL6,<c46  : 

214,351  : 

1934  : 

3,091,183  : 

320,586 

±  VOiJ  • 

0 ,  ouy , c oo  I 

838,686 

1936  : 

4,357,394  : 

1,586,797 

1937  : 

4,  "04, 540  : 

2,033,943 

Total  : 

44,329,557  : 

■^4,780,007  : 

2/ 

-'  4,780,012 

?>Iean  : 

2,770,597  : 

_l/  J.  S.  Treasurj'  Department.  3\ireou  of  the  Mint.  Annual  Report 
of  the  Director  of  the  Mint,  Fiscal  Year  ended  June  30,  1938,  page  33. 
The  production  in  terms  of  fine  ounces  is  the  production  of  pure  »?;old. 

2^/    If  the  mean  were  expressed  as  2,770,597.3125,  the  quotient 
obtained  by  dividing  <4, 329, 557  by  IG,  the  sum  of  these  deviations 
would  be  4,780,010.75.     The  suir.  of  the  minus  deviations  shown,  4,780,007, 
would  be  inci  eased  by  3.75  (the  product  of  12  f  nd  .3125)  and  the  suin  of 
the  plus  deviations  shov/n,  4,760,012,  would  be  decreased  by  1.25  (the 
J)roduct  of  4  and  .3125). 
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The  expressed  mean  is  2,770,597,  but  the  actual  mean  is 
2,770,597,3125,  as  explained  in  footnote  2  of  the  table.     Because  of 
the  dropping  of  decimals  in  the  calculation  of  the  mean  the  sum  of 
the  minus  deviations  is  5  less  than  the  sum  of  the  plus  devintions. 
If  the  mean  v;ere  expressed  as  2,770,597.3125  the  sum  of  the  minus 
deviations,  4,780,007,  would  be  increased  by  an  amount  equal  to  the 
product  of  .3125  and  12,  there  being  12  years  for  which  the  reported 
production  is  less  than  the  mean.     That  being  the  case,  each  of  the 
12  minus  deviations  in  table  2  would  be  increased  by  . 31251 f  the 
cverage  were  expressed  as  2,770,597.3125,   so  that  the  sum  of  the  minus 
deviations  would  be  4,780,007  plus  3.75  (the  product  of  .3125  and  12,) 
or  4,780,010.75. 

For  the  same  reason  that  the  sum  cf  the  minus  deviations  in 
table  2  is  less  than  it  would  be  if  the  mean  v/ere  expressed  as 
2,770,597.3125  instead  of  as  2,770,597  the  sum  cf  the  plus  deviations 
is  greater  than  it  would  be  if  the  mean  v/ere  expressed  v.s  2,  770,597.3125. 
This  is  because  the  production  of  each  of  the  years  1934-37,  inclusive, 
exceeds  the  expressed  average,   2,770,597,  to  a  grortcr  extent  thi^n  the 
mere  refined  aver!-o:e,  2,770,597.3125.     If  ti:e  latter  v/ere  expressed 
as  the  average  the  sum  of  the  plus  deviati-^nc,   4,  780,012,  would  be 
decreased  by  an  amount  equal  to  the  product  of  .3125'  and  4,  there 
being,  as  indicated,  4  years  for  which  the  reported  production  is 
greater  theaa  the  mean.     Since  this  is  true,   each  of  the  4  plus  devi- 
ations in  table  2  would  be  decreased  by  .3125  if  the  average  were 
expressed  as  2,770,597,3125. 
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Ey  increasing  the  sum  of  the  minus  deviations  shown  in  tp.ble  2 
by  the  product  of  .5125  a  total  of  4, 780, CIO. 75  is  obtained,  as  we 
have  already  observed,  and  a  reduction  in  tl^e  sum  of  the  plus  devi- 
ations shown  in  tbe  table  by  an  amount  equal  to  the  product  of  .3125 
and  4  leaves  4,750,010.75.     The  true  sum  of  each  series  of  deviations, 
therefore,  is  4,780,010.75,  instead  of  4,780,007  and  4,780,012,  re- 
spectively, which  are  shov.n  in  table  2.  * 

The  illustrf: tion  pfforded  by  table  2  v/ill  indicate,  as  it  is 
intended  to,  thb.t  in  msny  instances  the  values  that  are  designated 
as  means  are  actually  only  the  approximate  means.     This  is  true,  but 
it  Ds  r  lso  true  thrt  m.€ans  which  are  approximate  only  in  the  sense 
that  the  quotient  has  beon  rounded  are  i':enerally  sufficiently  precise 
for  the  purposes  intended.     In  some  instt.nces,  of  course,  it  may  be 
desirable  to  expruss  the  mean  in  more  decimals  thsm  in  others,  depend- 
ing: in  part  upon  the  mamitudes  of  items  being  averaged,  the  purpose 
of  the  averages,  and  the  preferences  of  those  making  the  calculations. 

The  arithmetic  mern  is  one  of  the  most,   if  not  the  m.ost, 
commonly  used  of  all  statistical  measures,  end  it  is  probably  more 
readily  comprehended  then  any  other.     The  ec se  with  which  the  prith- 
metic  mean  is  comprehended  is  probably  attributable  to  the  ease  with 
which  it  is  calculrtod. 

Simple  Arithmetic  Mean  / 
The  simple  arithmetic  mean  is  the  quotient  obtained  by  dividing 
a  sum  by  the  number  of  items  of  ^yvhich  it  is  composed.     Tcble  3,  con- 
taining statistics  on  the  number  of  passengers  carried  on  air-mcil 
routes  during  the  12-month  period  thr.t  ended  with  June,  1938, 
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illustrs toE  its  cclculrtion.    According  to  the  tcblc,  1,234,696 

pr.ssen^ers  were  cc.rriod  during  the  period,  an  avert.ge  of  102,891 

passengers  per  month. 

The  mccn  v/as  obtained  by  suiiunrting  the  monthly  statistics  to  ■ 

obtain  the  total  for  the  12-raonth  period  and  then  dividing  by  12. 

The  fornula  for  this  procedure  is  — —  ,  in  which  the  meanings  of 

the  symbolic  expressions  are  as  follov/s: 

2X,  the  total  number  of  passcnf^urs  carried 
N,  the  number  of  months « 

Another  form.ula,  -^IX,  may  be  used  in  calculating  the  mean.  By 
using  this  form.ula  the  total  is  m^ultipliod  by  the  quotient  obtained 
by  dividing  the  number  of  items  into  1.     There  are  12  items  in 
trble  3.     The  quotient  obtained  by  dividing  1  by  12  is  .083333,  and 
the  product  of  .083333  and  1,234,696  is  102,891,  which  is  the  monthly 
average  number  of  passengers  carried. 
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Table  3.-  Pr.ssen'ers  carried  on  air-mail  routes,  by  months, 
f:^,  scr  l  year  ended  June,  1938 


Month 

[        Passen;:ers  carried  _l/ 

:  Number 

July 

:            ,  119,257 

August 

:  123,754 

September 

:  125,520 

October 

:  112,991 

November 

:  83,511 

December 

!  71,969 

January  ! 

73,642 

Februcry 

!  7P,153 

March  : 

98,916 

April  ; 

107,854 

May  ; 

120,738 

June  : 

118,391 

Total  : 

1,234, 696 

Mean  : 

102,891 

1/  Annual  Report  of  the  Postmaster  General,  Fiscel  Year 
ended  June  30,  1938,  table  51,  pa'-e  132. 


-  10  - 

Although  the  rrithmotic  averf^.g;c  is  useful  in  statisticrl 
cnclyses,  it  furnishes  no  indication  of  the  rr.nge  in  mr.i.nitudc  of 
iter.s.     The  avura8;inf!;  process  in  effect  smooths  out  the  variations 
and  gives  a  value  which  when  multiplied  by  the  number  of  items  re- 
covers the  original  sum  of  the  items,  if  decimals  are  crrried  to  a 
sufficient  number  of  places. 

Trble  4  contains  statistics  on  the  number  of  clerr  days  re- 
ported by  the  "iVeather  Bureau  for  3  citi'^s  in  the  United  States.  As 
will  be  observed,  the  total  num.ber  of  clear  days  reported  for  the 
12  months  is  the  same  in  erch  instance  and,   consequently,  the  month- 
ly average  is  the  sar.e.     Hov/ever,  there  is  considerable  difference 
in  the  ranges  v/itliin  the  12-m.orth  p>^riod.     For  Tampa  the  num.ber  of 
clear  days  ranered  from  ^  in  July  and  Aur\ust  to  14  in  March  i  for 
Baltimore  the  number  of  clorr  days  ranged  from  9  in  Jrnurry,  Feb- 
rur.ry,  and  Dccem.ber  to  13  in  October!  and  for  Nashville  the  num.ber 
of  clear  days  ranrcd  from.  8  in  January  and  December  to  15  in  October.. 
Neither  the  total  number  of  clerr  days  nor  the  monthly  average  for 
the  3  cities  furnishes  any  indication  of  the  difference  in  range, 
which  is  clearly  shov.'n  hy  the  table.     It  is  for  this  r^^^oson  that 
totals  and  averages  might  be  misleading  if  they  c  re  shovm  without 
the  individual  items  from.  v/h?ch  they  arc  derived. 
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Table  4o-  Long-time  average  nurr.ber  of  clear  days  at  Tampa,  Florida; 

Baltimore,  Maryland;  and  Nashville,  Tennessee,  by  months  1/ 


Month  ! 

!     L/iear  uays  ai/ 

;     Tampa,  Florida  : 

•      ±  e  ci  I    u '.  -i.  y  o  c.  u 
:     Baltimiore,  j 
!     Mar viand  2/  : 

Nashville, 
:       Tennessee  _2/ 

;           Num.be  r  ! 

;        Number  : 

:  Number 

January  J 

!  11 

:              9  ! 

:  8 

February  i 

;  11 

!                    9  ! 

!  7 

March  i 

:               14          -  ! 

;  10 

:  9 

April  t 

!  13 

!                 10  ! 

5  9 

May  ! 

:  11 

!            10  : 

:  10 

June  : 

7  ! 

;             9  ! 

!  9 

.T 111  ! 

;                  5  : 

!                  10  1 

;  10 

August  ! 

5  ! 

;            10  s 

;  12 

Septem.ber  i 

:  7 

:            12  i 

:  13 

October  ; 

12  i 

;            13  J 

!  15 

November  i 

!                     13  ! 

;            10  1 

!  11 

December  ; 

:  12 

5                    9  ! 

I  8 

Annual  ; 

121  1 

:          121  ; 

121 

* 

Mean  ; 

:                10  ; 

:            10  1 

10 

1/    U.   So  Department  of  Com-merceo     Bureau  of  Foreign  and  Domestic 

Commerce^     Statistical  Abstract  of  the  United  States,  1937,  table  144, 

pages  135,   137^   and  142  (from  Weather  Bureau,  Uo  So  Department  of 
Agriculture  * ) 

.2/    Long-time  averages o  ■ 


.1  . 
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Table  5  contains  statistics  on  the  hc.rvested  acreage  nnd  on 
the  production  of  lima  beans  in  the  United  States  for  the  14-yerr 
period  1924-37.     Durinr  this  period  the  acreage  ranged  fron  2,000 
acres  in  1S24,  1925,  and  1^26  to  15,120  acres  in  1932,  and  produc- 
tion ranged  from  160,000  bushels  in  1926  to  908,000  bushels  in  1952. 
The  averages,   8,071  acres  and  504,000  bushels,  furnish  no  indication 
of  these  ranges,  however,  indicating  in  some  measure  the  inrdequacy 
of  averages  v/hen  considered  alone  in  the  study  of  variation. 
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Tcble  5.-  Acreage  and  production  of  lina  benns  in  the  United  Stc.tcs 
for  nrrketing  in  the  fresh  stf.te,  1924-37  \J 


I  cc.r 


AcrccgG  h;,rvested 


Fro'^uction 


1924 
1925 
1926 
1927 
1928 
1929 
1930 
1931 
1932 
1933 
1934 
1935 
1936 
1937 


Mcr.n 


Acres 
2,000 
2,000 
2,000 
3,530 
5,170 
5,050 
10,960 
11,870 
13,120 
11,850 
11,850 
9,500 
11,400 
12, 700 


8,071 


Bushels 
172,000 
200,000 
160,000 
285,000 
270>000 
386,000 
649,000 
790,000 
908,000 
568,000 
548,000 
567,000 
863,000 
689,000 


504,000 


_l/    U.  S.  Depc.rtpcnt  of  Agriculture.    Agricultural  Statistics, 
1938,  trble  198,  page  156.     The  Baltir^.ore  Evening  Sun  of  Thursday, 
January  19,  1939,  in  comnenting  on  the  origin  of  lima  beans  explain- 
ed that  "The  Lima  Bean  gets  its  name  from  Lima,  Peru,  where  a  navf.l 
officer  got  some  seed  and  brought  them  to  the  United  States  in  1824." 


I 


I 


I 
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T?ie  simple  nritliretic  rean  crn  be  caloulr  ted  by  assminr  a  mecn, 
determining  the  dovirticns  of  the  individual  iters  from  the  assunod 
mean,  suinr.iating;  these  deviations  algebraically,  dividing  by  the  total 
nurnb.r  of  deviations ,  and  then  adding  the  quotient  to  the  assuned 
ri.ean  or  subtrr^ctir  <5  it  fror  the  rssu'p.ed  n-.:an,  depending  upon  the  sign 
carried  by  the  algebraic  sun  of  thf;  deviations.     Table  6  v/ill  clarify 
this  procedure. 

The  total  number  of  offi'i^ers  assimed  v.-as  34,602.     In  calculat- 
ing the  inoan,  or  averaTe,  nur,ber  per  corps  area  the  ^^ean  v;as  assumed 
to  be  4,00C.     Deviatior'.s  of  the  nu::iber  of  officers  assigned  to  units 
in  individual  corps  areas  v/ore  then  deterr.iincd  r.rid  recorded  in  the 
colvjnn  headed  "Deviations  fron  the  asnuned  mean,"  the  miinus  deviations 
being  shoi'/n  in  one  colixrn  and  the  plus  deviatiors  in  another. 

The  difference  beti/veen  the  siim  of  the  minus  deviations  and  thu 
sum  of  the  plus  deviations  is  1,398.     Since  this  is      minus  quantity, 
the  sun  of  the  minus  devifticns  being  greater  than  the  sum  of  the 
plus  devictions,  the  quotient  obtained  by  dividing  1,398  by  9,  the 
total  number  of  deviations,  will  be  subtracted  fromi  the  assumed  mean 
to  obtain  the  true  mean.     The  quotient  obtained  by  division  is  155, 
and  when  this  is  subtracted  from  4,000  the  remainder  is  3,845,  the 
mean.     If  the  algebraic  sum  of  the  deviations  from,  the  assum.ed  mean 
had  been  a  plus  quantity  the  quotient  resulting  from  dividing  the 
algebraic  sut;  of  the  deviations  by  the  num.ber  of  deviations  would 
have  been  added  to  the  assum.ed  mean  to  obtain  the  trrje,  or  actual, 
mean. 


.1^ 
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Table  6.-    Officers  assigned  or  attached  to  divisional  units  of 


Organizet 

i  Reserves,  by  corps  areas,  fiscal 

year  ended 

June  30, 

1938 

Officers  assigned 
:        or  attr.ched  \J 

:     Deviation  from  the 
:          assijined  mean 

:  Kunber 

;  Minus 

:  Plus 

First 

!  2,828 

!  1,172 

:   

Second 

!  3,765 

:  235 

Third 

!  3,836 

:  114 

: 

Fourth 

!  5,253 

.   

1,253 

Fifth  i 

2,821 

1,179 

Sixth 

!  3,741 

259 

Seventh  ! 

3,420 

5  80 

Eighth  : 

4,325  : 

328 

Ninth  ! 

4,560 

560 

Total  : 

34,602  : 

3,539  : 

2,141 

Assumed  Mean  ; 

4,000  ; 

True  I.!ean  : 

3,845  ! 

2/    Annual  Report  of  the  Secretr.ry  of  War,  1938,  page  68. 
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"Whenever  an  assumed  meen  is  greater  than  the  true  mean  the 
algebraic  sum  of  deviations  from  it  will  be  a  minus  quantity,  show- 
ing that  the  assumed  mean  m.ust  be  reduced  in  magnitude.    "Whenever  an 
assumed  mean  is  less  thaji  the  true  mean  the  algebraic  sumi  of  devi- 
ations therefrom  will  be  a  plus  quantity'',   shovj'ing  that  the  assumed 
mean  must  be  increased.     If  calculating  machines  are  available  it 
is  generally  preferable  to  consider  zero  as  the  assumod  mean,  so 
that  in  calculating  the  arithmetic  mean  it  is  only  necessary  to 
summate  the  item^s  and  divide  by  the  number  of  items,  the  items, 
themselves,  being  plus  deviations  from  the  assumed  mean..     In  effect, 
therefore,  v;hen  an  arithm.etic  mean  is  calculated  by  summating  the 
items  as  they  occur  in  the  series  and  then  dividing  by  the  nmbcr 
of  items  the  mean  is  assumed  to  be  zero,  and  the  items,  themselves, 
are  plus  deviations  from  the  assumed  moan. 

The  nature  of  differences  between  arithmetic  means  calculated 
by  2  methods  is  indicated  by  tables  7  rnd  8.     Table  7  contains 
sta.ti sties  for  1936  on  the  acreage  and  production  of  corn  in  the 
North  Central  States  and  on  the  m.ean  yield  per  acre,  by  States. 
The  mean  yield  for  each  individual  State  was  calculated  by  dividing 
production  by  acreage  harvested,  and  the  mean  yield  for  the  North 
Central  States  as  a  v;hole  v/as  calculated  by  dividing  total  produc- 
tion by  total  acreage  hrrvested. 

Table  8  shows  the  mean  yields  for  individual  States  and  the 
mean  for  the  group  as  a  -vvholo.     The  latter  mean,  15.5,  was  obtained 
by  summ.ating  the  means  for  individurl  States  and  dividing  the  sum 
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by  12,  the  number  of  means  sumir.cted.     By  this  method  of  calculction 
the  moan  for  e-.ch  State  hcs  equr.l  weight,  regr.rdless  of  r.crcr.ge  and 
producton.     The  mer.n  yield  in  Krnsrs,  for  exrunple,  of  4.0  bushels 
has  as  mxach  weip^t  as  the  mean  yield  of  33oO  bushels  in  Ohio, 
although,  as  shown  by  table  7,  the  acreage  hcrvested  in  Kansas  was 
only  2,759,000  cores,   compared  with  3,685,000  acres  harvested  in 
Ohio,  and  although  the  production  in  Kansas  was  only  11,036,000 
bushels,  compared  v/ith  a  production  of  121,605,000  bushels  in  Ohio. 

Obviously,  the  mean  of  15»5  bushels  shovm  in  table  8  is  not 
the  true  average  yield,  then,  for  the  Worth  Central  States  as  a 
whole  because  no  account  has  been  taken  in  its  calculftion  of  dif- 
ferences in  acreage  and  production  reported  for  the  States  compris- 
ing the  group.     If  the  acreage  and  production  were  the  same  for 
every  State,  tlien  the  mean  of  the  sum.  of  the  State  n.eans  vrould  be 
the  scjT.e  as  the  mern  obtainable  by  dividing  total  production  in  the 
group  of  States  by  total  acreage,  but  under  no  other  circijunstcnces 
v;ould  the  2  means  be  alike,   except  h-^r  coincidence. 
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Tabic  7t-  Acreage,  production,  r.nd  averago  yield  of  corn  per  acre 
in  the  North  Centrr.l  States,  1936  l/ 


State 

:  Acreage 
:  licrvested 

:  Total 
:  production 

:  Average  yield 
!      per  acre 

:     1,000  acres 

:     1,000  bushels 

Bushels 

Ohio 

t            5 , 6  85 

:  121,605 

:  33.0 

Indiana  i 

!  4,569 

:  116,510 

:  25.5 

Illinois  ! 

9,266 

:  217,751 

23.5 

Mi  chip:  an 

:  1,500 

!            36,  750 

:  24.5 

Wisconsin  i 

t 

!  2,204 

44,080 

!  20.0 

Minnesota 

s  4,649 

88,331 

19.0 

Iowa  ! 

10,759 

190,434 

17.7 

Missouri  j 

5,004 

40,032 

8.0 

North  Dakota  ! 

744  : 

2,530 

:  3.4 

South  Dakota  : 

2,484 

8,446 

3.4 

Nebraska  : 

7,674  i 

26,659  : 

3.5 

Kansas  ; 

2,  759  : 

11,036  : 

4.0 

All  States  : 

55,297  : 

904,364  : 

2  / 

^  16.4 

U.  S.  Depcrtment  of  Agriculture.    Agricultural  Statistics,  1938, 
table  43,   page  44, 

2/    Crlculrted  by  dividing  total  production  by  total  acreage  harvested. 


I 
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Table  8«-  Average  yield  of  corn  per  acre  in  the  North  Central 
States,  1936 


State 

[    Average  yield  per 

acre  j^/ 

:  Bushels 

Ohio 

!  33.0 

Indiana 

5.  25.5 

11 linois 

!  23.5 

Michigan 

!  24.5 

Wisconsin  ! 

20.0 

Minnesota 

t  19.0 

Iowa 

1  17.7 

Mi  s sour i 

!  8.0 

North  Dakota  ! 

3.4 

South  Dakota 

!  3.4 

Nebrv.ska  i 

3.5 

Kansas  ! 

4.0 

All  States  ! 

15.5 

1/    U.  S.  Departnent  of  Airrici;lture.  Atrricultural 
Statistics,  1938,  tcble  43,  page  44. 

Cclculatcd  by  dividing  tho  suir  of  the  average  yields 
by  the  nunber  of  States.  This  is  not  the  true  averae;e.  See 
teble  7. 
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Arithmetic  Mean  of  a  Frequency  Distribution 
Vflion  observations  are  nrrangod  in  the  forn  of  c.  frequency  dis- 
tribution the  arithmetic  mean  can  be  calculated  readily  by  multiplying 
the  frequencies  by  the  classes,  by  the  midpoints  of  the  classes,  or 
by  some  other  point  within  the  classes,  as  the  case  may  be;  summating 
the  products  thus  obtained;  and  dividing  by  the  number  of  frequencies. 

Table  9  shov/s  the  grades  received  by  214  college  students  on  a 
test  in  economic  theory.     These  grades  ranged  from  89  to  100.  The 
average  of  the  21'i  e;rades  is  94,   expressed  as  a  whole  grade,  calculat- 
ed by  dividing  the  suiri  of  the  products  of  frequencies  and  grades, 
20,208,  by  the  nuTibor  of  grades,  214,  the  sum  of  the  products  of 
frequencies  and  grades  being,  in  effect,  the  sum  of  the  214  individual 
grades. 
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Table  9.-  Grrdes  received  by  214  colloire  students  on  a  test  in 
economic  theory  _l/ 


1 

2 

Grade  received 

:  Nunber 

of  students 

Product  of  frequency 

( clr.ss  j 

!     to  whom  test  was 

: 

and  grade 

:  jiven 

(frequency) 

recciv  e  d 

89 

8 

• 
* 

: 

712 

90 

• 

10  : 

900 

91  J 

16 

I 

1456 

92  ! 

18 

1656 

93  i 

< 

25  : 

2325 

94  ! 

36 

i 

3572 

95  : 

26 

2470 

96  ! 

20 

1920 

97  : 

19 

1843 

98  : 

17 

1666 

99  ! 

12  ! 

1188 

100  : 

5 

500 

Totr.l  : 

214 

:  20208 

\J  Specially  selected  for  illustrative  purposes.  The  m.ean 
of  the  214  grcdos  is  94. 
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Table  9  is  a  frequency  distribution  of  the  simplest  kind. 
There  is  a  class  interval  of  1,  as  shown  by  the  successive  magni- 
tudes of  the  grades  in  the  stub,  and  the  frequencies  in  column  1 
opposite  the  grades  ivith  which  they  are  associated  show  clearly  the 
number  of  students  who  received  each  grade.     The  products  of  the 
frequencies  and  grade  in  column  2,  as  already  indicated,  are  equal 
to  the  sums  of  the  grades.     For  example,  the  product  712  is  equal 
to  the  sum  of  the  8  grades  of  89. 

Distributions  of  a  somewhat  different  arrangement  are  shoi;m 
in  tables  10  and  11.     So  far  as  calculation  of  the  average  cost 
per  ton  for  all  5  areas  as  a  whole  is  concerned,  only  the  informa- 
tion in  the  last  row    of  columns  2  and  3  is  necessary,  but  the 
other  information  might  be  of  interest  in  interpreting  the  statis- 
tics on  total  production,  total  cost,  and  average  cost  per  ton. 

In  both  of  these  tables  the  mean  cost  per  ton  for  each  area 
was  determined  from  the  information  in  columns  2  end  3,  as  was  also 
the  mean  cost  per  ton  in  the  5  areas  as  a  whole.     It  will  be  observed 
that  the  arrangement  of  the  items  in  columns  2  and  3  of  table  10  is 
the  reverse  of  the  arrangement  in  table  11,  iwhich  necessarily  re- 
verses the  arrangement  of  item.s  in  column  4.    However,  the  average 
cost  per  ton  for  the  5  areas  as  a  whole  is  the  same  in  both  instances, 
although  the  average  costs  per  ton  shovm  in  table  10  for  individual 
areas  are  different  from  average  costs  shovm  in  table  11  for  the 
same  areas. 
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Tc.ble  10.-  Production  and  costs  of  production  of  rutabagas  on  150 
farms,  1937,  by  areas  _1/ 


Area  in  which 
farms  were 
located 

:  1 

2 

3 

4 

'  Farms 
represented 

Total 
production 

Total 
cost  of 
production  i 

Mean  cost  of 
production 
per  ton 

:      Number  i 

Tons 

Dollars  s 

Dollars 

1 

10 

!  100 

!              50  ! 

0.50 

2 

1 

!  20 

:  200 

200 

:  1.00 

3 

!  30 

300 

450 

1.50 

4 

1 

!  40 

!  400 

800 

2.00 

5 

:  50 

:  500 

1,250 

:  2.50 

All  areas 

150 

1,500 

2,750 

^1.83 

\J    Specially  selected  for  illustrative  purposes. 

2j  Calculated  by  dividing  total  cost,  $-2,  750,  by  total  production, 
1,500  tons. 
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Tcble  11.-  Production  and  costs  of  production  of  rutabagas  on  150 
fcrms,  1938,  by  areas  l/ 


Area  in  which 
located 

:  1 

'•  2 

3 

4 

[  represented 

J.  o  a  1 
[  production 

Total 
:     cost  of 
!  production 

Average  cost 
:  of  production 
per  ton 

;  KujT.ber 

!  Tods 

Dollars 

Dollars 

1 

t  10 

1  500 

:  1,250 

I  2.50 

2 

:  20 

i  ) 

i  400 

800 

1  2.00 

3 

:  30 

!  300 

:  450 

:  1.50 

4 

1  40 

I  200 

:  200 

1.00 

5 

!  i 

50 

I 

!              100  ! 

50 

.50 

All  areas  : 

ir.o 

1,500 

2,750  ! 

^  1.83 

1/    Specially  selected  for  illustrative  purposes. 

2/  Calculated  by  dividing  total  cost,  |2,750,  by  total  production, 
1,500  tons. 
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Tables  12  r.nd  13  contain  frequency  distributions  of  which  the 
Gverr.ges  were  cc.lculi.ted  by  multiplying  the  raidpoiiits  of  the  classes 
by  the  number  of  frequencies,   sunmt.tinp-  the  products  thus  obtained, 
and  then  dividing  by  the  totc.l  number  of  frequencies. 
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Tr.ble  12.-  Strplo  length  of  uplcnd  cotton  g-inned  in  the  United 
Stc.tcs,  crop  of  1955 


:  1 

:  2 

Str.plo  length 

:  Ginnings  in  running 
!           bcles  1/ 
''  (frequency) 

!    product  of  }iumbor  of 
-  boles  cxnd  midpoints  of 
!  stcple-longth  groups  .2/ 

Shorter  then  7/8 

:  1,320,100 

!  17,821,350 

7/8  end  29/32 

t 

1  3,235,100 

'.  46,908,950 

15/16  ^nd  31/32  i 

1  2,628,100 

40,735,550 

1  r.nd  1-1/32  i 

1            1,682,200  ! 

27,756,300 

1-1/16  and  1-3/32 

!  866,500 

15,163,750 

1-1/8  end  1-5/32  ! 

554,000  1 

10,249,000 

1-3/16  end  1-7/32  ! 

102,600  : 

2,000,700 

I-I/4  and  lonc;er 

14,100 

289,050 

Toto.l 

^ 10,402,700 

!  160,924,650 

Mer.n  ^  15.47 

1/    U.  S.  Depc.rtmont  of  Agriculture.     Agricultural  Statistics,  1938, 
table  124,  prge  105. 

2/  For  purposes  of  the  c clculr.tions ,  the  iriidpoints  of  the  staple- 
length  p-roups  vj-ero  r-.ssumed  to  bo  rs  folloT^s,  in  sixteenths  of  p.n  inch*. 
13.5,  14.5,  15.5,  16. 5,  17.5,  18.5,  19.5,  and  20.5. 

3/    According  to  the  Burecu  of  the  Census,  tote.l  ginnings  from  the 
United  States  crop  of  1935  amoujitcd  to  10,420,346  running  bcles,  of 
'.Thich,  17,619  bc.les  were  Americcn-Egyptian  cotton.     The  ginnings  of  175 
running  bales  of  Sec -Island  cotton  ere  included  in  the  Depr.rtr.ent '  s 
str.ple-length  statistics  for  upland  cotton. 

^  Sixteenths  of  r.n  inch,  calculated  by  dividing  the  sum  of  column 
2  by  the  sum  of  column  1.     See  footnote  2. 
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Table  13.-  Frequency  distribution  of  fr.i-m  costs  of  i>roducing 
2,280  tons  of  clfrlfc.  hey  l/ 


Cost  in  dollars 
per  ton 
(class) 

:  1 

:  2 

Tons  produced 
(frequency) 

:      1-roduct  of  tons 

:  produced  r^nd  midpoiiit 

:          of  class  2/ 

1.51  - 

2.00 

:  10 

:  17.50 

2.01  - 

2.50 

:  60 

• 

s  135.00 

2.51  - 

3.00 

s  330 

:  907.50 

■ 

3.01  - 

3.50 

s  370 

:  1,202.50 

3.ai  - 

4,00  ! 

i  330 

i  1,237.50 

4.01  - 

4.50 

!  340 

:  1,<^^5.00 

4.51  - 

5.00  ! 

300 

:  1,425.00 

5.01  - 

5  -  SO 

:  130 

:  682.50 

5.51  - 

6.00  ! 

160 

:  920.00 

6.01  - 

6.50  ; 

90  ! 

5  62.50 

6.51  - 

7.00  ! 

30  ! 

202.50 

7.01  - 

7.50  : 

50  : 

362.50 

7.51  - 

8.00  : 

60  : 

465.00 

8.01  - 

8.50  : 

20  : 

165.00 

Mean  cost  per  ton 


2,280 


9,730.00 
4.27 


1/    Spe  cially  selected  for  illustrative  purposes. 

2/    Costs,   in  dollars,  used  as  midpoints  of  the  classes  are  as 

follows:  1.75,  2.25,  2.75,  3.25,  3.75,  4.25,  4.75,  5.25,  5.75,  6.25, 
6.75,   7.25,  7.75  and  8.25. 
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The  F.et.n  of  c  frequency  distribution  can  be  cr.lculrted  by  r.s- 
svuning  a  mean,  determining  the  deviations  therefron,  multiplying;  the 
devictions  by  the  frequencies,   summntinf;;  algebrc.icclly,  dividing  the 
clgebrr.ic  sum  by  the  number  of  devirtions,  and  then  adding  the  quo- 
tient to  the  assumed  mean  or  subtracting?:  it  from  the  assumed  mean, 
depending  upon  the  si?n  carried  by  the  al-::ebraic  sxim..     Trble  14 
illustrates  the  calculation  of  the  rrithrietic  mean  of  a  frequency 
distribution  by  the  use  of  an  assum.ed  mean.     The  assumed  m.ean  of  the 
distribution  of  16  grt^des  is  92,  -".vheroas  the  true  mccji  is  93. 

The  true  mean  was  obtained  by  multiplying;  the  frequencies  by 
the  grades,   summ.ating  the  products,  and  dividing  b'   the  number  of 
grades.     The  sum  of  the  products  is  1488,  and  the  total  number  of 
grades  is  16,  the  sar.e  as  the  number  of  students  who  took  the  test. 
The  quotient  obtained  by  dividing  1488  by  16  is  93,  the  average  of  the 
16  grades.     In  this  instance,  of  course,  one  can  recdily  see  that  the 
mean  is  93  because  there  are  as  mam'-  grades  less  than  93  as  there  are 
grades  that  arc  greater,  but  the  table  serves  as  well  to  illustrate 
the  procedure  described  as  thougji  the  true  mean  were  not  so  readily 
discernible. 

By  assuming  v.  mean  the  true  mean  can  be  obtained  in  the  manner 
indicated.     The  sum  of  the  m.inus  deviations  from  the  assumed  mean  is 
4,  whereas  the  sum.  of  the  plus  deviations  is  20,  so  thv.t  the  algebraic 
sum.  of  the  deviations  is  16,  the  difference  between  20  and  4.  The 
quotient  obtained  by  dividing  this  algebraic  sim  by  the  number  of 
deviations  is  1.     To  obtain  the  true  mean,  1  is  added  to  92,  the  assum_ed 
mean,  because  the  algebraic  sum  of  the  deviations  is  a  plus  q ucjit i ty . 
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Tr.ble  14.-  Grr.des  recoived  by  16  college  students  on  o-  nrrkcting 
methods  test  l/ 


Grade  received 
(class ) 

:  Students  to 
:    -vvhon  test 
!    was  given 
!  (frequency) 

:     Dcvir.tion  of  grc.de 
i       fron  the  assumed 
:        mean  of  grades 
:   (assumed  m.ean  is  92) 

:  Product  of  frequency 
!      and  deviation  of 
!        grade  from  the 
: assumed  moan  of  grades 

t        Kur.be  r 

!  Tin 
>         lux  IX  L(  o 

'  Plus 

■     f'H  nil R 

Plus 

90 

I  1 

1  2 

!  2 

i 

91               :  2 

1 

o 
c 

I 

92  ! 

i                  3  ! 

93  ! 

4 

!  1 

4 

94  ! 

3 

2 

6 

95  ; 

2 

I  3 

6 

96  : 

1 

4 

4 

Totc.l  ; 

16  : 

4  ! 

20 

_!/    Specially  selected  for  illustrative  purposes.     The  true  mean  is 
obtainable  by  adding  to  92,  the  assumed  mean,  the  quotient,  1,  obtained  by 
dividing  16  into  the  difference  between  the  sums  of  the  minus  and  plus 
deviations.     If  this  difference  had  been  a  m.inus  quantity  the  quotient  v/ould 
have  been  subtracted  from  the  assumed  mean  to  obtain  the  true  mean. 
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Another  crlculction  of  the  r.rithnetic  rer.ii  fron  r.n  r.Gsuned  ner.n 
is  illustrc.ted  hy  tr.ble  15.     The  true  mer.n 

.1/    of  cocts  per  ton  is 
C2.80,  obtained  by  dividing  the  sun  of  the  products  of  the  frequencies 
end  the  nidpoints  of  clrsses  by  200,  the  tctr.l  nunber  of  tons  produced. 
The  true  ne:,n  is  obt;dned  also  by  the  process  ol'  cssming      necn,  de- 
ternining  the  devir.tions  of  the  nidpoints  of  the  clrsses  fron  the 
cssuned  ner.n,  multiplying  those  devirtions  by  the  correspondinf;;  fre- 
quencies,  sunnrtinc:  the  products  f.l^i'ebrai cr.lly,  dividin^r  the  o.lgebraic 
sun  by  the  totc.l  nuin.bcr  ^-f  devirtions,  and  then  subtrr.cting  the 
quotient  fron  the  t.ssuned  nec.n.     Tho  quotient  is  subtracted  in  this 
instance  fron  the  c.ssu:-ied  nean  beer  use  the  r.lj;'ebraic  sun  of  the  devi- 
ations is  c.  ninus  quantity,  which  shoves  thrt  trie  assaned  nean  is 
f:reater  thrn  the  true  ner.n.     If  the  assuned  ncrn  were  less  than  the 
true  nean  the  al?;:c-brric  sim  of  the  deviations  thorcfron  would  be  a 
plus  quantity,   in  which  instrncc  the  quotient  obtained  by  dividing/;  this 
sun  by  the  total  number  of  devirtions  v/ould  be  rdded  to  the  assumed 
mean  to  obtain  the  true  mean. 


2j/    That  is,  thu  true  mean  insofar  as  it  is  obtainr.ble  from  in- 
formation contained  in  the  table.     Obviously,  the  nean  mif:ht  have  a 
more  precise  m.eaninr  if  the  sum.  of  the  200  individual  costs  were 
divided  by  the  total  iiumber  of  tons  produced,  but  the  individual  costs 
per  tons  arc  not  shovm. 
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Teble  15.-  Frequency  distribution  of  costs  of  production  of  200 
tons  of  clover  hay 

1/ 


Cost  in  dollfir; 
per  ton 
(clc!  ss ) 

\  Tons 

produced 
.  (frequency) 

:     Deviation  of  midpoint 
of  class  from  the 
ass\.imed  mean 
(assumed  mean  is  $3.00) 

:  Product  of  frequency 
!      and  deviation  of 
!      midpoint  of  class 
!  from  the  assumed  m.ean 

NTXTibcr 

:  liinus 

:  Plus 

!  Mimas 

Plus 

1.51  -  2.00 

40 

1.25 

:  50.00 

2o01  -  2.50 

30 

:  .75 

!  22.50 

2.51  -  3.00 

60 

.  25 

\  15.00 

3.01  -  3.50  1 

30  ! 

1 

7.50 

3.51  -  4.00 

20 

:  .75 

15.00 

4.01  -  4.50  ! 

20 

1.25 

25.00 

Total 

200  : 

87.50  : 

47.50 

1/    Specif  11  y  selected  for  illustrative  purposes.     The  desired  moan  is 
obtainable  by  subtracting  from  43.00,  the  assumed  mean,  the  quotient,  10.20, 
obtained  by  dividing  200  into  ^40.00,  the  difference  between  tiie  sums  of  the 
minus  and  plus  deviations.     If  this  difference  h:,'d  been  a  plus  quantity  the 
quotient  would  hcvo  be^.n  added  to  the  assumed  mean  to  obtain  the  desired 
mean. 


f 
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The  preceding  illustrations  will  show  thct  to  calculate  the  mccn 
of  frequency  distributions  of  continuous  data  of  the  nt ture  of  those 
described  it  is  only  nocossf.ry  to  multiply  the  nidpoints  of  the  clasv'ses 
by  the  number  of  frequencies,  sujninrte  the  products,  end  divide  by  the 
tctc.l  number  of  frequencies.     If  the  dctr.  arc  of  the  discrete  typo  the 
clcsses,  or  midpoints  of  the  clr.sses,   as  the  cr  sc  may  be,  are  also 
multiplied  by  the  frequencies,  the  products  sur^riattd,  and  the  sum 
divided  by  the  total  number  of  frequencies. 

In  the  crse  of  either  discrete  or  continuous  data  the  assumption 
is  thrt  the  midpoints  of  the  clrsses,  when  they  are  used,  are  the  rrieans 
of  the  macnitudes  of  frequencies  in  the  classes  or  that  the  extent  to 
v^ich  the  midpoints  in  some  instf'.nces  are  greater  th.rn  the  m.cans  of 
the  classes  is  offset  by  other  insttnces  in  which  the  m.idpoints  of  the 
classes  are  less  thrn  the  m.cans.     This  assum.pticn  is  generrlly  per- 
missible when  there  arc  large  numbers  of  frequencies.     If  the  m.idpoints 
of  the  classes  represent  the  mean  mag?iitudes        the  frequencies  in  the 
classes  it  is  obvious  thrt  the  clgebraic  sum  of  devirtions  from,  the 
midpoints  is  zero.     Thct  is,  for  excmple,   if  in  trble  15  $1.75  is  the 
Gvert.ge  ccst  of  producing  the  40  tons  of  hay  in  the  $1.51  -  |2.00 
class,  then  the  algebraic  sun  of  the  deviations  of  individual  costs 
from  tlt7b  would  be  zero. 

?veighted  Arithmetic  Mean 

There  may  be  instances  in  which  it  is  desired  to  apply  Y/eights 
to  r  series  of  means  to  obtain  a  mean  thrt  describes  the  series  as  a 
v^ole.     For  exam.ple,  if  we  were  given  statistics  on  the  acreaj?;e  of  c-rn 
harvested  in  each  of  the  North  Central  States  and  on  the  mean  yield  per 
acre  and  were  asked  to  calculate  a  mean  yield  for  the  group  of  States 
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as  a  whole  it  wuld  be  nccessr.ry,  r.ssuirdng  thr.t  str.tistics  on  procluction 
were  not  avrdlr.ble,   (l)  tc  obti.in  an  cstimt-te  '^f  ;:r:x'-uction  in  er.ch 
State  by  multiplying  r.crec.ge  by  r;ein  yield  per  core,  sumrrte  the 
products,  and  divide  the  sun  by  totr.l  ccrer.gej   (2)  rpply  weights  to  the 
meon  yields  rcp'^rted  for     individual  Str.tos,   suir.np.te  the  pr'-'ducts,  r.nd 
divide  the  sum  by  the  sum  cf  the  v/eightsj  or  (5)  s'amj^^o.te  the  necm 
yields  repr^rted  for  the  Stctes  and  divide  by  the  number  "f  State  mean 
yields. 

Obvi.'.-usly,  the  quotient  that  would  be  obtained  by  dividing  the 
sum  of  State  means  by  the  number  of  means  woul'l  be  only  a  mecn  of  a 
series  of  m.eans.     It  would  not  likely  be  the  desired  mean  because 
erch  individual  mean  would  carry  equal  weight  regardless  of  differ- 
ences in  acreage  and  production  from,  one  State  to  fjaother.     The  m.ean 
yield  for  a  State  in  vdiich  1,000  t\cres  were  harvested,  for  example, 
would  carry  as  m.uch  wei^it  as  the  meon  yield  for  V-  Stfto  in  which 
10,000  acres  were  harvested.    No  account  would  be  taken  at  all  of 
rcreore  differences  by  this  procedure. 

In  ^-rdcr  for  the  desired  mean  yield  for  the  group  of  States  as 

a  whole  to  be  obtained  it  would  be  necessary  to  take  into  consideration 

the  differences  in  acreoge  hi^rvosted  from  one  State  t^  another.  Table 

16  is  sho\vn  to  illustrate  a  procedure  that  can  be  resorted  to  in  cal- 

culfting  on  avert"  e:o  yield  -f  c^-m  per  acre  in  a  group  ^^f  States  as  a 

vfhrle  when  only  statistics  on  yields  and  acres  harvested  are  available 

for  individual  States. 

In  estimating  expectancy,  however,  the  simple  arithmetic  m.ean 
of  a  series  ^.f  means  may  have  some  value. 
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To-blc  16.-  Acreage  and  averr.ge  yield  ^  f '  c:  rn  per  Cicre  in  the 
North  Centrc-1  States,  1936  _l/ 


State 

;  Acreage 
:  hcrvcsted 
:  (1,000  acres) 

:  Average  yield 
:      per  acre 
:  (bushels) 

T/\ei;i;ht 
(Kansas  yield 
s,s  the  base) 

iPrTduct  7/eight 

and  average 
:  yield  per  acre 

Ohio 

!  3,685 

!  33.0 

!  1.3356 

44.07480 

Indiana 

:          4,5  69 

:  25.5 

1.6560 

42.22800 

Illinois 

:  9,266 

:  23.5 

!  3.3585 

:  78.92475 

Michigan 

1,500 

:  24.5 

.5437 

:  13.32065 

Wisconsin 

:  2,204 

:  20.0 

.7988 

!  15.97600 

Minnesota  : 

4,649 

!  19.0 

1.6850 

!  32.01500 

Iowa  i 

10,759 

:  17.7 

3.8996 

!  69.02292 

Ml  S  S  OUT*  1 

5 ,004 

8.0 

1. 8137 

14.50960 

North  Dakota 

:  744 

:  3.4 

.2697 

!  .91698 

South  Dakota  ! 

2,484 

1  3.4 

.9003 

3.06102 

Nebraska  ! 

7,674 

1  3.5 

!  2.7814 

9.73490 

Kansas 

2,759 

4.0 

l.COOO 

4.00000 

All  Stctes 

55,297 

16.4  1 

20.0423 

:  327.78462 

l/    U.  S.  Departriirnt  of  Agriculture.    Agricultural  Statistics,  1936, 
table  43,  p:.go  44.    The  average  yield  per  acre  for  the  group  of  States  as  a 
wihole  is  obtainable  by  dividing  327.78462  by  20.0423. 


The  weights  in  the  3rd  colijmn  were  calculated  by  dividins  the 
nvmiber  of  acres  reported  for  Kansas  into  the  number  of  acres  report- 
ed for  each  individual  State.     This  gives  a  weif^ht  of  1.0000  for 
Kansas,  the  weinjits  for  other  States  varyinr,  from  the  weight  for 
Kansas  according  to  differences  between  ucree.ges  hL.rvested  in  them 
and  in  Kansas.     The  a-crea-'<i  for  any  oth^r  State,  of  course,  could 
be  taken  as  the  base,  with  no  different  effect  on  fine.l  results. 

In  the  table,   i  s  will  be  observed,  the  yields  per  acre  have 
been  multiplied  by  the  vj-eights  £.nd  the  products  recorded  in  the 
lest  column.    'iiVhcn  the  s\m  of  these  products  is  divided  hy  the  sum 
of  the  weights  a  mean  yield  of  16.4  bushels  is  obtained  for  the 
North  Central  group  of  States  as  a  whole,  which  is  the  same  as  the 
mern  shown  in  the  last  row-  of  the  5rd  column  of  table  7,  calculated 
by  dividing  total  production  by  totr.l  acreage  harvested. 

In  calculcting  the  mean  of  the  yields  in  the  2nd  column  of 
table  16  by  the  procedure  described  the  niombers  of  acres,  which  are 
the  real  frequencies,  v/ere  used  in  obtaining  the  v;eights,  and  in 
ci-:lculc ti ng  the  mean  cost  of  .14.27  shovm  in  table  13  all  values  of 
the  vari.'.ble,  cost  per  ton,  except  the  midpoints  of  the  classes, 
v/cre  ignored.     In  the  latter  instance  the  calculation,  in  effect, 
was  the  dotormi nation  of  the  mean  of  the  midpoint  values  listed  in 
footnote  2  of  the  tr.blc,  each  midpoint  being  vreighted  by  the  number 
of  frequencies  in  the  classes,  and  in  the  calculation  of  the  mean  of 
cll  tho  grades  in  table  9  each  individual  grade  listed  in  the  stub 
was  weighted  by  the  number  of  grades  of  each  magnitude,  just  as  the 
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midpoints  of  the  str.ple-length  groups  in  the-  stub  of  tcblc  12  were 
v/eightcd  by  the  number  of  bcilcs  of  cotton  reported  for  orch  length 
group.    Hov/evor,  in  the  cc.lculLtion  of  the  mean  of  a  frequency  dis- 
tribution the  actuc'.l  ft.ct  is  thrt  the  mer.n  obtcined  is  merely  the 
quotient  resulting  from  dividing  v.  sia:;i  which  r-ctucilly  is,  or  v/hich 
is  r.ssumed  to  be,   in  effect,  the  eqiiivr.lent  of  the  total  of  r.ll  the 
magnitudes,  by  the  totr.l  num.ber  of  frequencies.     Therefore,  the  mecji 
of  r,  frequency  distribution  of  the  nr.ture  described  is  r  weigjited 
mer.n  only  in  the  sense  that  r.  mx.gnitude  for  each  frequency'-  is  in- 
cluded in  the  sum  thrt  is  divided  by  the  totr-l  number  of  frequencies, 
so  that,  as  in  the  calculation  of  the  mean  of  rn  array,  each  item,  is 
counted  1  tine  only.     This  is  as  it  should  be. 

The  average,  16.4,  shov>m  at  the  bottom  of  the  2nd  column  in 
table  16  can  be  calculated  also  by  dividing  the  total  acreage,  55,297, 
into  the  acreage  for  each  State  to  obtain  a  series  of  vrcights,  multi- 
plying the  yields  in  the  2nd  colwJi  by  the  ccrrespondin;--  weights, 
s\Ai7imating  the  products,  and  dividing  by  the  suiti  of  the  weights.  The 
sum  of  these  weights,  fclloTving,  is  1. 


Indian,  a 

Illinois 

Michigan 

Wisconsin 

Minnesota 

lovra. 


Missouri 
North  Drkota 
South  Dakota 


Nobrr-  ska 
Kansas 


Ohio 


.06664 
.06263 
.16757 
.02713 
.03986 
.08407 
.19  457 
.09049 
.01345 
.04492 
.13878 
.04989 


1.00000 


D  I 


1 
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TWhcn  the  yields  in  the-  2nd  coluiroa  of  trble  16  rre  multiplied 
by  these  weights,  the  products  suirrcted,  r.nd  the  sur.  divided  b^"  1 
an  average  of  16.4  bushels  per  cere  is  obtc.ined  for  the  group  of 
States  as  a  whole. 

In  conparr.+  ively  recent  ycr..rs  there  has  been  developing  an 
ever-increasing  tendency  tovirrrd  discontinuing  the  use  of  the  teri" 
"wei.-^ted  mean"  in  referrintj,  to  the  arithnetic  mean  of  a  frequency 
distribution  and  to  use  the  term  in  a  more  United  sense.     This  is 
somcwhrt  of  a  change  in  terninologA^^  thr,.t  wrs  very  ccmnon  no  longer 
c  p-r  than  10  yerrs.    Analysts  i  rc  realizing  thf  t  since  r  frequency 
distribution  is  merely  an  array  reduced  to  more  com.pj'ct  form  the 
mecn  there^vf  belongs  in  the  sfj;\e  ccteror"/  as  the  mean  of  oji  array. 

The  arithmetic  r.eon  yield  of  corn  per  acre  cr.lculatod  by  the 
procedure  described  in  ccnnoction  v^ith  trble  IG  frr  the  N^-^rth  Central 
group  of  Stf'.tes  as  a  wh-^le  is  weighted  in  the  sense  that  each  in- 
dividual Str.to's  me-^'n  yield  is  included  in  the  sum  th;  t  was  divided 
"by  the  sur.  of  the  weights  in  proportion  to  the  relation  between  the 
number  of  acres  c ss: ciated  y/ith  each  State's  yield  and  the  number  of 
acres  associrted  with  the  mean  that  is  given  a  weight  of  1.  The 
number  of  ceres  could  have  been  used  rs  the  wcigh"ts,  v/ith  the  same 
result  rs  that  accomplished  by  use  of  the  calculr tod  weights  in  the 
3rd  column  of  table  16.     Ey  use  :f  either  the  calcul-  ted  wei^ghts  or 
the  acreage  figures,  themscl-^;es,  as  weights  the  finrl  rosult  is  the 
svT'iO  because  each  mean  is  counted  in  pr  •  portion  to  acreage,  in  one 
instance,  as  indicated,  the  r.ean  yield  for  each  State  being  included 
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as  many  times  as  there  ere  number  of  acres  reported,  and  in  the  other 
instance  the  mean  yield  for  each  State  being  included  as  nr.ny  times 
rs  the  number  of  acres  assccicted  therewith  is  t:;reater  thrn  tlrie  number 
of  acres  associated  with  the  moan  that  is  given  a  woi«:ht  of  1,  or  a 
pr'^porti'^n  of  the  mean  yield  for  each  Stcte  being  included  that  is 
equrl  to  the  pr-^portion  that  the  acrer.  ge  f  v  the  State  is  rf  the 
acreage  associated  with  the  mean  that  is  gix^en  a  weight  of  1. 

Present  usage  :  f  the  term  "wei,?:htod  moan"  restricts  it  s.)m.cv/hat 
to  mer.ns  obtained  by  the  use  -^f  v;eights  of  the  generc'l  nature  ''f  those 
listed  in  the  3rd  column  of  table  16.  Althou::h  there  are  reasons  for 
not  referring  to  the  m»ean  (16.4)  in  the  last  r-^v;  of  the  2nd  column  ■"•f 
that  table  as  a  weighted  m.ean,  som.e  analysts  are  inclined  tc  consider 
it  a  weifThted  m.ean  to  the  same  extent  t}iD.t  a  consiLm.or's  index  (  £  cost 
of  living  is  a  v/oighted  mean  index. 

In  the  calculation  -f  the  m.ei?n  shovm  at  the  bottom,  of  the  2nd 
column  of  trble  16  for  the  N-^rth  Central  States  as  a  ^A^ole  no  diffi- 
culty was  experienced  in  obtaining  a  moan  "f  the  same  magnitude  as 
the  mean  shown  at  the  bottom,  -^f  the  3rd  column  of  table  7  because  the 
acreage  figures  xvcre  available  t~  use  in  calculrting  a  series  of 
weights.     By  using  the  acreage  figures  in  calculating  the  weights  it 
necessarily  follows  that  the  mean  at  the  b-^ttom.  of  the  2nd  column  of 
table  16  must  be  of  the  sam.e  magnitude  as  the  mean  at  the  bottom,  of 
the  3rd  column  -^f  table  7. 

Let  us  assume,  thou^jh»  thf  t  vrith  only  the  moans  available  that 
are  shewn  in  the  2nd  column  of  toblo  16  it  is  .'osired  to  cclculate  a 
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mean  yield  for  the  llorth  Central  Stc.tes  by  attempting  to  assign  weights 
to  means  of  individual  States  in  proportion  to  their  relative  importance. 
The  assigning  of  weights  for  use  in  applying  to  the  individual  items 
would  result  in  a  mean  that  some  an^ilysts  might  describe  as  a  weiglited 
mean.     Only  by  coincidence,  or  only  because  of  knowledge  possessed  by 
the  analyst  concerning  precise  differences  in  acreage  from  one  State 
to  another,  v/ould  the  weights  assigned  to  the  means  result  in  a  mean 
for  the  group  of  States  as  a  Vi/inole  of  the  same  magnitude  as  the  mean 
shown  at  the  bottom  of  the  2nd  column  of  trble  16  and  at  the  bottom 
of  the  3rd  column  of  ti-blc  7,  but  the  mean  so  calculated  mi^t  be  con- 
sidered by  som.e  analysts  a  v/eiphted  m.can  in  the  same  sense  that  a 
consumer's  index  of  cost  of  living  is  a  weighted  mean  index. 

The  applicability  of  the  torm  "weighted  moan"  to  a  consumer's 
index  of  cost  of  living  can  be  illustrrted  briefly.    Let  us  assume 
tht  t  for  a  cortain_ycar  the  follovfing  Yrere  the  indices  of  cost  of 
living: 

Food  0 o o o ... ,  110 

Clothing    109 

Rent   100 

Fuel  . . . .  c   94 

Ligjit  ...........  o   90 

Miscellaneous  items  . „ .  100 
Let  us  assume  further  that  these  costs  represented  the  folloviri'ng 
percentages  of  the  total  cost-of-living  expenditures: 
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Food   38  percent 

Clothing   18  " 

Rent  18  " 

Fuel    4  " 

Light  c   2  " 

Mi scellrnoous  items  . . . »  20  " 

100  " 

The  consiuncr's  index  vrould  be  calculc'.ted  by  multiplying  the 
indices  by  the  percentages,  which  will  be  used  i.s  weights,  simric.ting 
the  products,  and  dividing  the  suTii  of  the  products  by  the  sum  of  the 
weights.    The  cclculf tions  nre  as  follov/s: 

110  times  38  equals  4,180 

109  times  18  equals  1,962 

100  times  18  equals  1,300 


94  tir.es  4  equals  376 
98  times  2  equals  196 
100  times  20  equals  2,000 

100  10,514 


The  mean  index  is  105.14,  obtained  by  dividing  the  sum  of  the 
products,   10,514,  by  the  sum  of  the  weights,   100»    A  mean  thus 
obtrined  as  a  m.erisuro  of  cost  of  living  is  comTiOnly  referred  to  by 
statisticians  as  a  weighted  mean.     Such  merns  rre  frequently  c;l- 
culftcd  in  the  construction  of  index  numboTS,   since,  for  instance, 
the.  index  of  food  costs  in  general  actuc'lly  m.ay  be  a  weighted  average 
of  the  indices  of  costs  of  various  itor.iS  of  food,  and  the  index  of 
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clothing  costs  may  bo  c  weighted  c.verafo  of  the  indices  of  costs  of  the 
different  articles  of  clothing. 

One  of  the  best  illustrations,  perhaps,  of  c.  v/eighted  morn  is 
one  that  is  cclculated  to  show  the  cverage  grade  made  by  students  in 
V.  given  course  v-iien,  lot  us  say,  c.  weight  r.f  5  is  given  to  orr.l  re- 
ports on  supplementary  reading;  6,  to  classroom  work;  4,  to  periodic 
examinations;  3,  to  the  final  examination;  and  2,  to  written  assi  gti- 
Tients.     In  this  instance  a  weighted  mcr.n  could  be  calculated  by 
m.ultiplying  the  grcdes  for  each  phase  of  the  wc-rk  by  the  corresponding 
weights,  sumrif-ting  the  products,  and  then  dividing  by  the  sum  of  the 
weidits,  which  is  20o 

Progressive  and  Cumulative  ?'Iean 

In  some  instances  a  series  r-f  ricans  calculrtcd  by  including  an 
additional  iter,  every  time  a  mean  is  to  be  calculated  are  useful  in 
studying  variability.     Such  a  series  of  m.cans  c-n.sists  '^^f  means  of 
cumulations,  or  '^f  progressive  summations,  as  some  may  prefer  to 
describe  such  cumulated  totr.ds.     The  authors  have  used  the  term 
"progressive  nscn"  for  many  years,  although  it  has  been  realized  that 
the  term  is  sonetines  apjjliod  to  a  moving  avorr.gc  that  is  calculated 
by  v/eighting  items  near  the  center  nf  the  groups  m.ore  heavily  than 
other  items  in  the  groups  arranged  for  calculrting  the  series  of 
moving  averages. 

Although  there  are  differences  '--f  opinion  concerning  the  appli- 
cability of  the  terms  "progressive  means"  and  "cumulative  means"  to 
the  m.eans  calculated  by  successively  including  an  additional  item  in 
the  total  every  time  a  moan  is  to  be  calculated,  there  are  some 
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eminent  rnr.lysts  who  consider  thct  the  terns  apprc  prir.tely  describe  cx 
scries        neans  so  calculated.     Anong  the  youncer  present-day  rnalysts 
Tfttic  h'-^ld  this  view  are  At  Mason  DuFre  and  Ro  F.  Hale,  the  superior 
judgment  of  both  of  whom  is  beyond  question  so  far  t  s  the  authors  are 
concerned. 

The  following  calculations  illustrate  the  procedure  for  de- 
termining the  so-called  progressive,   -^r  cumul'  tive,  means,  as  the 
term.s  are  herein  described. 


Item 

Sum 

1 

2 

3 

1.5 

3 

6 

2.0 

4 

10 

2.5 

5 

15 

3.0 

6 

21 

3.5 

7 

28 

4.0 

8 

36 

4.5 

9 

45 

5.0 

Harmonic  Moan 

The  harm.onic  mean  (average)  of  a  series  of  numbers  is  the  re- 
ciprocal of  the  arithmetic  mean  of  the  recipr-cals  pf  the  individual 
numbers  in  the  series.     It  is  calculated  by  suirr'.ating  the  reciprrcals 
of  the  num.bers,  dividing  the  sum.  by  the  num.bcr   -f  recipr'.cals,  and 
then  determining  the  reciprocal  of  the  quotient  thus  obtained. 


I 


I 
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AlthoUi^h  the  adnptc.bility   ;f  this  mean  is  S'- ncwhc.t  restricted,  it  cr.n 
be  adapted  for  certain  uses  in  stt.ti sti cc  1  work.     Ixicnr^  these  is  the 
averaging  of  rr.tcs   -f  speed.     If  an  acrcplrjie  is  flovra  120  nilcs  at 
the  rate  of  180  miles  per  hour  r.nd  120  miles  at  the  rate     f  150  niles 
per  hour  the  average  rate  nf  speed  can  he  calculated  as  the  hormonic 
mean. 

The  sinple  arithmetic  mean  of  the  2  rates  of  speed  at  vfhich 
the  plr.ne  vaas  flow,  is  165  miles  per  hour,  obtained  by  dividing  the 
sum  of  the  2  rotes,  180  and  150  miles  per  hour,  by  2.     This  meojn, 
166  miles  per  hour,  m.ay  not  be  the  desired  neasure,  however,  because 
it  is  not  actually  the  correct  mean  rate  ^f  speed  at  which  the  plane 
was  fl ovm. 

An  average  of  the  2  rates  -.^f  speed  can  be  calculated  by 
weighting  them,  by  the  number  of  minutes  that  the  piano  was  flovra. 
The  flight  of  120  miles  at  the  rate  of  180  niles  per  hour  required 
40  minutes,  and  the  fli^^t  -f  120  miles  at  the  rate  of  18D  miles  per 
hour  required  48  minutes,   so  that  240  m.iles  were  flovra  in  98  minutes. 
By  v/eighting  180  by  40  and  150  by  48,   summ^ting  the  products,  and 
dividing  by  th.e  sum  of  the  weights  (40  plus  48)  a  meaii  of  163,6  miles 
per  hour  is  obtained. 

This  same  result  can  be  obtained  by  sumjnating  the  reciprocals 
of  the  2  rf.tes  of  speed  at  v/hich  the  plane  was  flovrn  (180  and  120 
miles  per  h-ur),  dividing  by  2  to  "btain  the  mioan  of  the  reciprocals, 
end  then  dividing  this  average  -f  the  reciprocals  into  1  to  determine 
the  reciprocal  of  the  mean  of  the  reciprr-cals,  which  is  the  harmonic 


! 


1 


\ 
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mean.    The  mean  of  the  reciprocals  -^f  180  c.nc'  150  is  .00611111,  and 
the  reciprocr.1  of  •00611111  is  163.6,  the  hrrnonic  nean.  Obviously, 
the  hcrmonic  neon  would  not  be  the  desired  mean  in  such  c.n  instr.nco 
if  the  number  of  miles  flown  at  the  2  rc.tes  of  speed  were  different. 

Another  applicr.tion  of  the  hrrnonic  nec^n  vdll  bo  illustrf,ted« 
Let  us  assume  th£,t  a  fr.riner  is  'fi'erinr  equcl  ouantities  of  potatoes 
of  different  grr.des  at  the  rate  -  f  2  bushels  for  a  dollar,  4  bushels 
for  a  dollar,  and  10  bushels  for  a  dollrr.    Those  prices  are  the 
equivalent  of  50  cents  per  bushel,  2E  cents  per  b\ishol,  and  10  cents 
per  bushel,  the  arithmetic  moan  of  v^ich  is  2&-1/3  cents.     In  terms 
of  bushels,  this  average  ■:;f  28-1/3  cents  is  equivalent  to  approxi- 
mately 3.53  bushels  per  dollar.     The  harnonic  mean  of  2,   4,  and  10 
is  also  appr'^ximately  3.53,  obtained  as  the  reciprocal  of  the 
arithmetic  mean  of  the  recipr-.-cal c  of  2,   4,  ond  10.     Pr-^cecdin.^;  on 
the  assuTiption,  therefore,  that  all  quctations  made  by  the  farmer  are 
to  be  given  the  same  weight,  the  average  miDber  of  bushels  of  potatoes 
that  could  be  purchased  for  a  dollrr  is  appr^^xim.rtcly  3.53. 

This  average  is  not  to  be  confused  v/ith  the  average  number  of 
bushels  that  w^uld  be  purchr.sed  per  dollar  if  the  farmer  allowed  the 
custom.er  to  take  2  bushels  of  the  best  grade  f  "-r  1  dollar,  4  bushels 
of  the  next  grade  for  1  dollar,  and  10  bushels  of  the  lov/est  -f  the  3 
grades  for  1  dollrr.     If  16  bushels  Vi'-ere  thus  purchased  in  r.  lot  it 
is  obvious  that  the  m.ean  price  per  bushel     f  all  the  rctatoes  actually 
purchased  f-r  3  dollars  would  be  18-3/4  cents,  the  equiv.  lont  of  5-1/3 
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bushels  pcjr  dollar.     The  c-verage    :f  3.53  bushels  per  dollar  is  the 
number  "^f  bushels  thv.t  could  be  purchased,  c..s  indicr.ted,   if  each 
quotation  is  ;:ivcn  equal  wei^t.     On  this  bnsis  of  equal  woi-r^it 
being  given  to  each  quotation  the  a;v:^rC;;ate  "^f  3.53  bushels  purohaso- 
able  for  1  dollar  wjuld  bo  mrde  up  of  equal  quantities  of  the  3 
^tides  of  potatoes. 

CrO-metric  Meaji 

The  geometric  moon  (average)  is  the  nth  r::ot  of  the  p^roduct 
'^f  numbers,     '//hen  there  are  2  numbers  the  j:ef^m.ctric  mean  is  the  square 
root  of  their  product,  v.'-hen  there  are  3  numbers  the  ;Teometric  m.ean  is 
the  cube  root  of  their  product,  and  so  on.     The  geometric  mean  -^f  18 
and  8,  f^^r  example,  is  12;  the  geometric  m.oan  of  2,  4,  and  8  is  4; 
and  the  geometric  mean  of  2,  4,  8,  16,  and  32  is  8» 

Calcultxtion  of  the  geometric  mean  is  facilitated  by  the  use  of 
logr.rithm.s.  ^  To  obtain  the  geom.etric  m.ean  bv  the  use  of  logarithms 
it  is  only  necessary  to  calculate  the  mea.n  of  the  Ic rarithms  of  the 
numbers  and  then  locate  in  a  logarithmic  table  the  number  correspond- 
ing to  the  mean  of  the  logarithms.  In  illustratinc;  the  calculation  of 
the  freometric  m.ean  b}/  the  use  -f  logarithms  let  us  determine  the  geo- 
metric micoji  of  the  folloTn.ag:  .  ■  ' 

18  and  8 

2,  4,  and  8 

2,  4,   8,  16,  and  32. 

2/    Am.ong  the  authorities  on  the  use  of  logarithms  ard  on  inter- 
polation is  Norma  L.  Goudy  of  the  United  States  Department  of  Agriculture. 
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The  logarithms  of  18  and  8  arc  1.2553  and  .9031,  respectively, 
&nd  the  metm  of  their  sum  is  1.07S2.     In  the  logarithmic  table  it  will 
be  found  that  1,0792  is  the  logarithm  of  12,  v/hich  is  the  geometric 
mean  of  18  r.nd  8,  or  the  square  root  of  their  product. 

The  logarithm  of  2  is  .3010,  the  logarithm  of  4  is  .6021,  end 
the  logarithm    of  8  is  .9031.     Summating,  we  obtain  1.8062,  the  mean 
of  v:hich  is  approximately  .6021.     ^n  the  logarithmic  table,  .6021 
will  be  found  to  be  the  logarithm  of  4.     The  ,gf;omctric  mean  of  2,  4, 
and  8,  or  the  cube  root  of  their  product,  then,   is  4. 

The  logarithms  of  2,   4,   6,  16,  and  32  tire  as  follows: 

.3010 

,6021 

.9031 
1.2041 
1.5051 

Summating,  vj-e  obtain  •C.5154,  the  mean  of  which  is  approximately 
.9031,  the  logarithm  of  8.  The  geometric  merxi  of  2,  4,  8,  16,  and  32, 
therefore,   is  8. 

This  moan  has  certain  uses  in  the  analysis  and  interpretation 
of  statistical  data,  am.ong  v/hich  is  its  adaptrbility  in  the  averaging 
of  ratios,   such  as  the  ratios  of  chrTigcs  in  prices  from  one  period  to 
another. 

The  geometric  mean  of  a  scries  is  less  than  its  arithmetic  mean 
end  it  is  greater  tht.n  its  ht  rmoni  c  m^^an  except  in  those  instances  in 
ivhich  all  the  items  in  the  series  are  of  the  same  magnitude.     In  such 
instances  the  arithmetic,  the  geom.etric,  and  the  harmonic  meens  are 
equal.     To  illustrate  the  letter,   let  us  crlculr.te  the  3  means  of  a 
series  of  5  observations,  the  m.ag;nitude  of  etch  of  7irf:i.ich  is  12.  The 
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sun  of  these  10  obscrvrtions  is  60,  end  the  arithmetic  mcc.n  is  12. 
Since  the  lofxrithin  of  12  is  1.0792,  the  sum  of  the  5  loe;crithns  is 
5.3960;  the  mec.n  of  this  sum  is  1.0792,  v/hich  is  the  log;c;rithm  of  12, 
the  geometric  m.cr.n  of  the  series.     The  rociprocr  1  of  12  is  *08Z555, 
the  sum  of  the  reciprocals  of  the  series  of  5  observr.tions  is  .416665, 
r.nd  the  mec.n  of  this  sum  is  .083333.     The  reciprocal  of  .08333  is  12, 
the  hr.rmonic  mern  of  the  series.  Jd/ 

An  interesting  discussion  on  the  uses  of  the  hc.rmonic  end 
geometric  m.er.ns  is  contained  in  cht.ptor  10  of  "Stcti sti cal  Anf.lysis," 
1927,  by  E.  E.  Dc.y. 


Z/    The  qucdrc.tic  mer.n  is  r-nother  mer.n.     It  is  the  root-mc.:;.n- 
squr.re,  which  is  determined  by  extracting  the  square  root  of  the 
average  of  squares  of  the  niambers.     For  example,  the  root-mean-square 
of  2,  8,  and  5  is  5.57,  the  square  root  of  31,  or  the  square  root  of  ' 
the  average  of  the  squares  of  2,   8,  and  5.     The  arithmetic  mean  of  2, 
8,  and  5  is  5»0.     The  measure  of  root-mean-square  is  usually  applied 
only  to  deviations  from  a  central  tendency.     Such  a  measure  is  common- 
ly called  the  standard  deviation. 
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